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A computer investigation has lead to some interesting results about chromatic roots. Some 
conjectures are proposed, based on observations which could not be immediately proved 
1. Introduction 
Chromatic roots have been studied mainly with the aim of characterizing 
chromatic polynomials. Berman and Tutte [l] have studied these roots for 
trivalent maps and have observed that most of the polynomials had a root which 
was quite close to &-3 +&)/2, ‘“the golden root”. Furthermore, Tutte [2] was 
able to supply some theoretical basis for this phenomenon. 
We have made a computer investigation into the roots of the chromatic 
polynomials of all the graphs on 5,6,7 and 8 nodes. Our observations suggested a 
few interesting results, some of which we were able to prove fairly easily whi!e 
others have been conjectured. G(h) will be used to represent he chromatic 
polynomial of the graph G. By a ch~rzabic rciot of a graph G we will mean a root 
of G(A). 
2. The results 
The following result can be easily proved. 
Theorem 1. Let q be the number of edger in I$,. The chromatic polynomials of 
graphs with p nodes and q, q - 1,3 and 2 edges respectively have integer roots only. 
Theorem 2. Let (0, rl, r,, . . . , rk} be the root set of G(A). Then for any positive 
integer m, the set 
(0, 192, l l l 9 m-l}U(r,+m,r,+m,...,r,+m} 
is the root set of some chromatic polynom.ial. 
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Proof. Let G be a graph and G, the graph obtained by joining every node of G 
to every node of the complete graph K,,,. The nodes of Gm can be coloured with A 
c~lours, as follows. K, can be coloured in A(A - l)(h - 2) l l l (A - m + 1) ways, 
and t5e rest of G,,, (this will be the graph G) can be coloured with the remaining 
h - m colours in G(A - m) ways. Hence 
G,(A) = A(A - f)(A -2). l . (A - m + l)G(A - m). 
Clearly the root set of G(A - m) is {r, + m, r2 + m, . . . , r, + m}. The result then 
follows. 0 
An immediate corollary is the following. 
COF&Q~~ 2.1. lf the complex number (Y is a chromatic root, then so is TY -I m, for 
any positive integer m. 
Since C is always a chromatic raot of a graph with at least one edge, we have 
the following necessary condition for a polynomial to be a chromatic polynomial. 
Theorem 3. A 
tw a chromatic 
necessary condition for 
polynomial of a graph is 
a polynomial (with more than one 
that the sum of its coefficients is 
The following lemma gives another necessary condition for a polynomial to be a 
term) 
zero. 
to 
chromatic polynomial. It can be easily proved. 
Lemma 1. A necessarsy condition for a polynomial p(A) to be a chromatic poiyno- 
rifial is that if il has an inreger root r, then all non-negative rntegers less than r are 
aisti roots of p(h). 
The following lemma gives a sufficient condition for a polynomial to be a 
chromatic polp~~~xrCa1. 
Lemma 2. Consider the set 
S == (1,“~~. 1 “I,2’5, . . , , k n, }, 
wtwrc j”, repre.s‘eu ts It, j’s, k is a positive integer, ni a non -negative integer, n,, 2 1 
arld if n, = 0, then n, = 0 fog all i 3 i. Then S is the root set of some chromatic 
pol~~~onniai. e. 
A”-(A - ])“I(A -2)"2 . . . (A - k)” 
is a chronta:ic polynomial. 
Proof. We will prove the theorem by giving an algorithm for constructing a graph 
whew chromatic polynomial has the root set S. 
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Skp 1. Draw a graph G, consisting of no isolated nodes. Then 
G,(A) = Ano. 
Step 2. Using any node xi in G1, form a star with Xi as centre and containing n, 
edges joining n, new nodes. Let G, be the resulting graph. Then 
G,(A) = A “o(A - l)“l. 
Step 3. Choose an edge x ixj in Gz. Add yt2 new nodes to G and join each to 
both xi and Xi. Call the new graph GS. Each of the n2 nodes can be coloured with 
any of the A - 2 colours (those colours not u ;ed for nodes Xi and xi)* Hence 
G,(A) = A”o(A - l)“$A - 2)“~. 
By continuing in this manner, we can easily obtain a graph whose chromatic 
polynomial has root set S. 0 
Lemmas 1 and 2 completely characterize chromatic polynomials with integer 
roots only. They lead to the following theorem. 
Theorem 4. A polynomial whose only roots are non-negative integers, is a chroma- 
tic polynomial, if and only if its root set S has the properties 
(i) if m E S, then ah r C m also belong to S. 
(ii) S is of the form {O”o, l”1, 2n2, . . . , k’k}, where j”l repknts nj j’s, k is a 
positive integer, ni is a non-negative integer for all i, and if ni = 0, ni = 0 for all 
j> i. 
The existence of non-integral rational roots would contradict the fact that 
the coefkient of Ap in G(A) is 1. Thus we have the following theorem. 
Theorem 5. All real non-integral chromatic roots are irrational. 
We now give a theorem which characterizes two classes of graphs by their 
chromatic roots. 
Theorem 6. Let q be the number of edges in I$,. There are exactly two graphs G, 
and G, with p nodes and q - 2 edges; and their chromatic polynomials are 
G,(A)=A(A-l)(A-2)**=(A-p+3)*(A-p+2), 
and 
G,(A)=A(A-l)(A-2)***(A-p+3)(A2-A(2p-5)+p%p+7). 
Thus the only possible complex chromatic roots of graphs with p nodes and q -- 2 
edges are, i(2p - 5 * iJ3). 
Proof. Either the two “missing” edges have a node in common (giving G,) or 
they are disjoint (giving G,). There are no other possibilities. 
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The chromatic polynomials quoted are readily obtained by considering a 
colouring of the respective graph with A colours. 
The final part of the theorem follows by solving for A in the factor A*- 
A(2p-5)+p2+Sp+7 of G,(h). Cl 
3. Ana@& of computer output 
We found all the chromatic roots of all graphs with 5, 6, 7 and 8 nodes. We 
observed from our data that all the chromatic roots had non-negative real part. 
We have been unable to prove this generally, so we propose the following 
conjecture. 
tinjeeture 1. All chromatic roots have non-negative real part. 
Our results indicated quite clearly, that the largest possible real part of a 
chromatic root of a graph with p nodes is ;(2p- 5). This is the real part of the 
roots of G,(A) in Theorem 6 above. We have not been able to prove this formally, 
$50 we propose the following conjecture. 
tinjectore 2. Let G be a graph with p nodes. 
kc.; I = a + ib be a root of G(A). The maximum possible value of u is $(2p - S), 
12~4 this occurs when G is the graph obtained from Kp, by removing two disjoint 
edges. 
We made a list of all the distinct non-integer chromatic roots and the number of 
times that they occurred, for all graphs with S,6 and 7 nodes. Our results showed 
that some roots are clearly more popular than others. The popular roots are 
3 & 
-*i-, 
2 2 
a*ti, 
5 .& 
Z*1-9 
3*i and 
7 .A 
2 
p-y. 
Notice that their real parts form an arithmetical progression with common 
difference 4, while their imaginary parts form an arithmetical progression wi,th 
common difference q(-2+ A). Our partial results for 8 nodes clearly shows thiat 
this pattern continues. 
Our results has also showed that real no;+integer roots are not popular. Most of 
the non-integer roots have non-zero con~plex part. The percentage number of 
graphs with non-integer chromatic roots increased with the number of nodes. 
Table 1 gives some of our observations. 
Table 2 gives an idea r,l the popularity of the roots mentioned above. We give 
the percentage of t!r/; nurr.ber of graphs with non-integer chromatic roots. 
Our results showed th;t ;he size of the real part of a chromatic root depends on 
the number of edges in t;,. g,raph, for any fixed number of nodes. For example, in 
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Table 1. 
- 
# graphs with # graphs with # distinct # real 
P pnodes non-integer roots non-integer roots non-integer roots 
5 7 6 1 
6 106 62 10 
7 1044 50 
order for a graph with 8 nodes to have a chromatic root with real part greater 
than or equal to 3 it must contain at least 12 edges. In order for it to have a 
chromatic root with real part greater than or equal to 4, it must contain at least 18 
edges. 
Table 3 gives the minimum number of edges that the graphs must contain in 
order to have chromatic roots with real parts greater than or equal to the 
indicated integers. 
Table 2. Approximate percentage of graphs 
with non-integer chromatic roots, having the 
indicated root 
Nodes 
Roots 5 6 7 
3 .A 
s*‘-- 2 43 27 14 
2*i 14 12 
Z*iJ3 2 2 13 8 
3*i 3 
7 .J3 
P-- 2 2 
Table 3. 
Nodes 
Real part 5 6 7 8 
21 4 4 4 4 
32 8 8 8 8 
a3 12 12 12 
a4 18 18 
a5 24 
We plotted on an Argand diagram, the chromatic roots of all the graphs with 5, 
6, 7 and 8 nodes. Our plots revealed that for each value of p, there is a sine graph 
which could be drawn (with appropriately chosen origin) such that ala it.4; maximum 
and minimum points are chromatic roots. These maximum and minimum points 
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all the popMar roots discussed above. For p = 6, the relevant chromatic 
roots in the first quadrant are 
3 d/3 -*i-, 
5 .43 
2 2 
2+i, 
z+T 
For p = 7 the chromatic roots are 
1 & 
-+i.-, 
2 2 
1 +i, 
3 
2+= .A 
2 
2+i, 
For p = 8, the chromatic roots are 
1 .J3 
2+= 
l+i, 
3 .J3 
2 ?+I-* 2 2+-i, 
5 .A 
2+- 2 
5 .& 
2+1-V 2 
3+i, 
7 .J3 
z+‘-’ 2 
3 ti, 
7 
.J3 2+l--) 2
4+i, 
9 .J3 
2+‘-’ 2 
We therefore propose the following conjecture. 
Conjectere 3. For any fixed number of nodes p >6, there exists graphs with 
chromatic roots l(r f ifi), where r is an odd integer and t s 2p - 5 and with 
chromatic roots ir *i, where r is an even integer and r c 2p - 5. 
The most outstanding feature of our plots was the appearances of circular areas 
with the popular roots as centres, within which there were no other chromatic 
roots. These “circles of isolation” were especially visible on the pl43t for graphs 
with 8 nodes, because of the concentration of roots around their circumferences. 
In Tables 4 and 5 we give the roots at the centres of the circles of isolation and 
the diameters of the circles. 
Table 4, Circles of isolation for 7 nodes. Scale: 
real axis: 25 mm = 0.40 units, imaginary axis: 
2X mm = 0.40 units 
YW 
Root at centre Diameter in rnnj 
- 
3 Ah 
-+;- 2 2 27 
2+i 23 
5 .J;j 
z+‘- 2 2x 
w_ - 
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Table 5. Circles of isolation for 8 nodes. Scale: 
real axis: 27 mm = 0.55 units, imaginary axis: 
26 mm = 0.45 units 
Root at centre Diameter in mm 
3 .-J5 
2+5- 
16 
2+i 12 
5 .Js 
PT 12 
3+i 8 
7 .A 
2+*Y- 
8 
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